The 6eld theory for multifractals in percolation is reformulated in such a way that multifractal exponents clearly appear as eigenvalues of a second renormalization group. The first renormalization group describes geometrical properties of percolation clusters, while the second one describes electrical properties, including noise cumulants. In this context, multifractal exponents are associated with symmetry-breaking 6elds in replica space. This provides an explanation for their observability.
I. INTRODUCTION
The renormalization group and critical phenomena have provided, over the years, key concepts that allow us to understand problems ranging from phase transitions to percolation. Even though infinite sets of exponents, such as crossover exponents, were calculated early after the introduction of the renormalization group in critical phenomena [1] , attention is usually focused on a few relevant exponents. This focus on a few exponents is justified since observable quantities in general couple to many renormalization group eigenoperators, including the most relevant ones, which eventually dominate their behavior. That lore was challenged relatively recently by the appearance of infinite sets of measurable exponents in various Belds. Problems where such infinite sets occur are collectively known as multi&actal problems [2 -4] , even though some of these problems have a quite different physical nature. We discuss here the problem of electrical properties of percolating networks [5 -7] .
The diKculties associated with the formulation of a Lagrangian field theory for multifractals were discussed by Ludwig and Duplantier [8, 9] . In particular, the exponents x describing multi&actal behavior are a convex function of n, while the analogous exponents of field powers in a field theory are in general concave as a consequence of stability and correlation inequalities [8] . But, as stated in Ref. [8] , powers of composite operators, such as derivatives, can exhibit multi&actal behavior. It is therefore possible to formulate for multifractals a field theory that is amenable to a renormalization group analysis. This has been done for percolation by Parks, Harris, and Lubensky [10] (PHL). This field theory, however, does have some peculiarities that make it different &om usual field theories. In the present paper, we reinterpret the field theory of PHL so as to make special features clearer. In fact, there are also some differences in the way we set up and interpret the field theory. A detailed discussion of the differences and of the reasons that motivate our approach have appeared [ll] . The structure that will emerge here is that geometrical properties of percolation clusters are described by a standard field theory on which one can perform a renormalization group analysis. We call this the first renormalization group.
By contrast, multi&actal properties, originating &om the electrical properties of the cluster, are described by a second renormalization group [12, 13] . The structure of this second renormalization group depends on the first renormalization group: Once the usual recursion relations for percolation are derived, the recursion relation for each multi&actal moment must be found by a further projection onto an appropriate eigenbasis. In the second renormalization group, the role of the fields is played by the microscopic noise cumulants v, . 
'~*, *) (6) with ab(x, x', . C, f) the conductivity of the bonds a linking each pair of points x and x' for a given conGguration C of the random resistor network. For each given configuration of the random network, the conductivities fIuctuate in time. In other words, ab(x, x';C, f) = ap(x, x', C)(1+e), where e (& 1 is a rand. om variable whose probability distribution is given by f (e). Hence there are two types of averages to perform: the usual bond-disorder average and, for each lattice conGguration, an average over the microscopic noise. To obtain a Hamiltonian with the same structure as for a spin system [e.g. , J(x -x')S(x)S(x')] one uses Fourier transforms. Since the potential difI'erences are on a bounded interval, determined by the boundary conditions, it is possible to use discrete Fourier series. Formally, we may write
where the Fourier coeKcients are given by
Because the k = 0 terms correspond to a uniform distribution of voltage, they will be discarded. In the theory of Stephen [16] and that we must use a discrete Fourier expansion since the replica method is only valid for a Bnite system. The infinitesystem limit is taken at the very end.
In the limit where oo~0, the saddle point conBguration for the voltage drops obeys KirchhofI's laws and, in this limit, we obtain for the generating function
Thus the macroscopic cumulants of the noisy resistor network can be obtained from the autocorrelation of the order parameter, after averaging over bond disorder. It is important to note that the quantities v, play the role of fields whose conjugate operators will contain polynomials in k, as explained later.
B. Replica method and e6ective action
Since there are two types of averages over random variables, we introduce two types of replicas, as suggested by PHL [10] : K replicas for the average over noise (f) and M replicas for the average over bond disorder (C): ( -II) and B(y, y', C, f) is the resistance between nodes y and y' for a given configuration C of the random network and realization f of the noise. As in the work of PHL [10] , the cuInulant averages for the resistance noise may be obtained from the generating function. We first average Eq. (13) over the probability distribution for the noise f and then we average over the disorder as follows:
) y where the function v plays the role of a conditional probability that the two points y and y' are connected. Expanding the left-hand side in cumulants of the resistance, Eq. (14) becomes point x (the k = 0 case is omitted). The k p are conjugate to the electrical potentials of the replicated systems. They contain a scale factor correponding to the scale of the electrical potential. In the limit of geometrical percolation (i.e., no transport property), the k p are all zero. Note that despite the notation, the k are tensors of rank one and not two, as far as rotations in replica space are concerned. As usual, (21) In the absence of symmetry breaking in replica space, the inodulus of the replicated k in Eq. (21) x Gi, ( (y -y') A ', (p -p, ) A'~", (e, A@'~" ),)i, I;";), (22) which also implies ljjV Gj f/ -g', gl -P"(V, i,)j, Ij j)
where S is a scaling function. As usual, the correlation length ( behaves as (p -p ) . The I -+ oo limit must be taken at the end for the replica method to be valid.
From the way the problem is set up, the n~0 limit must be taken before the uo~0 limit. 
IV. RENORMALIZATION GROUP APPROACH
A. First and second renormalization group
The renormalization group equations are obtained [10] from the usual procedure for a cubic I.andau-Ginzburg FIELD THEORY AND SECOND RENORMALIZATION CiROUP. . . C'"(q' = b&) = b~-"-'+")~' e, (q).
Let Kg be the surface of the d-dimensional sphere. To one-loop order, in dimension d = 6 -e near the uppercritical dimension d = 6, the differential recursion relations for rk and for the coupling constant g = Kgus/2 take the form [10, 18] 
where I is defined by 6 = e'. In the first equation, Z» is the self-energy-correction to one loop [10] Zi, - The usual percolation fixed point v, = 0 and p = p describes the geometrical properties of percolation clusters. These properties are completely independent of the electrical transport properties of the network. In other words, the Geld ro is the coeKcient of a polynomial of order 0 in k so that the calculations of the Gxed point and of the usual geometrical exponents gp v"are independent of the values of the fields v"which are all associated with higher-order polynomials in k times the Geld operator 4»4». Hence one obtains the same results as in Ref.
[10], namely, g* = e/7 for the fixed-point value of the coupling constant and g"= -e/21 and v"= 2 + -' for the exponents. These exponents and Gxed-point values of g and ro come &om what we call the first renormalization group, whose predictions relate to the geometrical properties of the percolation network and hence are independent of electrical properties.
Going further to obtain the exponents @, associated with v"one has to linearize Eq. (25) Equations (25) and (31) (38) The last term is an eigenfunction of the Laplacian with eigenvalue zero, while the first term can be expanded using the Fourier-Bessel expansion [20] , which is uniformly valid for functions with zero value at the end of the interval as found by Parks, Harris, and Lubensky (v"= -+ s4e and rj"= -2'i) [10] . That this applies to multi&actals in percolation was verified by numerical simulations in [21] . Clearly, one can also define universal amplitude ratios [15, 21] . The n = NM~0 limit is obvious. Taking the o0~0 limit simplifies further the equation considerably since, in the argument of the exponential, [viA&] is propor-2 -1. tional to 0. 0 . This means that electively every term of the series behaves as if it had the same eigenvalue for the Laplacian, namely, 0. Since k/A), is bounded between 0 and 1, the series can be resummed and any polynomial of order 2s is an eigenvector with eigenvalue [10] where 'R is a rotation (permutation) of the vector k in the replica space of dimension M¹In other words, the action transforms according to the unit representation of the group O(MiV). When v, g 0, that symmetry is broken since polynomials of higher degree transform like higher-dimensional representations of the group O(MN) [22] . To have every v, associated with a different representation of the symmetry group is a necessary but not suKcient condition to have [23] . The exponents g, here are analogous to the crossover exponents &p"of the X'Y model [24] .
C. Dominant exponents
At Grst sight, the perturbations associated with the v, are all relevant since all the exponents @, are found to be larger than zero. There are two important differences, however, with critical phenomena (say the case of the XY model) .
(a) There is no physical realization that we know of for the lower-symmetry fixed point towards which the system rescales when one of the symmetry-breaking perturbations is different Rom zero. All physical observables are derivatives evaluated at a zero value of the symmetrybreaking fields v, : In other words, the exponents Q, are crossover exponents associated with the symmetric fixed point.
(b) There is an additional freedom to rescale k at each iteration as seen in Eq. (19). This allows one to formulate the renormalization group in such a way that only a finite number of operators are relevant. Indeed, for the usual percolation fixed point, the rescaling of the operators is found by choosing that the coefIicient of the spatial gradient term in Eq. (18) to be a constant. Since the recursion relations for u3 and ro are completely independent of k, the geometric percolation Gxed point is the usual one. The scale factor for k, by contrast, may be chosen at will. This infIuences the recursion relations for the v, and hence the corresponding g, exponents.
More specifically, the rescaling part of the renormalization group transformation may be written as : C'i, -= . (g =gb) =b1 ""1~C~( g). (4~) As an example, we choose the scale factor a such that the total resistance is kept constant under rescaling of all lengths by a factor b. This is done by first noting that after eliminating the degrees of freedom, the scaling of 
